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Abstract. Let g be the complex semisimple Lie algebra associated to a complex semisimple 
algebraic group G, b a Borel subalgebra of JJ, F) C 6 the Cartan sublagebra and N C G the 
unipotcnt subgroup corresponding to the nilradical n C b. We show that the explicit formula 
for the extremal projection operator for g obtained by Asherova, Smirnov and Tolstoy and similar 
formulas for Zhelobenko operators are related to the existence of a birational equivalence N X f) — > b 
given by the restriction of the adjoint action. Simple geometric proofs of formulas for the "classical" 
counterparts of the extremal projection operator and of Zhelobenko operators are also obtained. 



Let q be a complex semisimple Lie algebra n C g its maximal nilpotent subalgebra. Extremal 
projection operators are projection operators onto the subspaces of n-invariants in certain g-modulcs 
the action of n on which is locally nilpotent. First example of such operators for g = SI2 was explicitly- 
constructed in [S]. In papers [JJ[2J[3] the results of [5] were generalized to the case of arbitrary complex 
semisimple Lie algebras, and explicit formulas for extremal projection operators were obtained. 
Later, using a certain completion of an extension of the universal enveloping algebra of g, Zhelobenko 
observed in [TU] that the existence of extremal projection operators is an almost trivial fact. In [TU] 
he also introduced a family of operators which are analogues to extremal projection operators. These 
operators are called now Zhelobenko operators. 

Extremal projection operators and Zhelobenko operators appear in various contexts. Beside of 
the theory of g-modules one should mention the theory of crystal bases where similar operators 
are known under the name of Kashiwara operators (see [SJ Mickelsson algebras (see [TU]) and 
dynamical Weyl group elements of which are examples of Zhelobenko operatots (see [4] ) . An extended 
review of applications of extremal projection operators and of Zhelobenko operators can be found 
in [9], and book contains an excellent detailed exposition of their applications. A more recent 
application to the structure theory of complex semisimple Lie algebras can be found in [7|. 

Despite of the fact that the explicit formula for extremal projection operators was obtained in FJJ 
more that forty years ago and Zhelobenko operators are also defined by explicit formulas it seems 
that the meaning of those formulas is still not clear. Actually the proof of the explicit formula for 
extremal projection operators given in [3] is reduced to case by case analysis for Lie algebras of rank 
2, and the remarkable properties of Zhelobenko operators are derived in [12, by applying a series of 
complicated technical arguments which are not transparent. 

The aim of this short note is to fill in this gap. Following Zhelobenko, we consider the extremal 
projection operator for a universal Verma module and its classical analogue, the space of functions on 
the Borel subalgebra b containing n. The point is that the natural classical analogue of the extremal 
projection operator is a projection operator onto the subspace of n-invariant functions on b, where 
the action is induced by the action of n on b by commutators. A formula for that operator, which 
is similar to the formula derived in [3J, can be easily obtained by elementary geometric methods. 
Zhelobenko operators can be treated in a similar way. Moreover, classical analogues of extremal 
projection operators are particular examples of the following general construction. 
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Let G be a Lie group (algebraic group), and M a manifold (algebraic variety) equipped with a 
Lie group (regular) action of G. Assume that there exists a cross-section X C M for this action, 
and M = G x X as as a G-manifold (variety), so that the map 

(1) Gxl4 M, (g, x) ^ gx, g &G,x £X 

is an isomorphism (an isomorphism of manifolds, an isomorphism of varieties or a birational equiv- 
alence). 

Denote by F(M) the space of smooth (regular or rational) functions on M. G naturally acts 
on F{M). Let F(M) be the subspace of G-invariant elements of F(M). Define the projection 
operator P : F(M) -> F(M) G as follows 

(2) (Pf)(gx) = f(x) = fig-'gx) = (gf)(gx), g eG,xeX. 

If for y G M we denote by g{y) G G the unique element such that y — g(y)x{y) for a unique x{y) G X 
then 

(3) (Ff)(y) = (g(y)f)(y). 

We call the operator P the projection operator corresponding to isomorphism ([1]). 

If every element of G can be uniquely represented as a product of elements from subgroups 
Gx,...,Gjv, i.e. G — G\ ■ . . . ■ Gn , then the operator P can be expressed as a composition of 
operators Pj, 

(4) (Fif)(y) = (9i(y)f)(y), g(y)=9i(y)---9N{y), g l {y)eG l , 

(5) (Pf)(y) = (F 1 ...P N f)(y). 

Now let g be the complex semisimple Lie algebra associated to a complex semisimple algebraic 
group G, b a Borel subalgebra of g, t) C b the Cartan sublagebra and JVcG the unipotent subgroup 
corresponding to the nilradical n C b. Let A be the set of roots associated to the pair (fl, h), A + the 
set of positive roots associated to the pair (g, b), and f)' = {h € f) : a(h) ^OVaG A + } the regular 
part of h. Denote by b' C b the open (in the Zariski topology) subset b' = fj' + n. 

Consider the action of N on b induced by the adjoint action. Obviously this action induces an 
action of N on b'. We claim that the action map 

(6) N X f)' ->• b' 

is an isomorphism of manifolds, and hence this map gives rise to a birational equivalence 

(7) N x t) -> b. 

Indeed, fix a normal ordering fix, . . . , /3at of A + , i.e. an ordering of A + in which all simple roots 
are placed in an arbitrary way and if 7 = a + /3, a, j3, 7 6 A + then 7 is situated between a and 
j3. Let e a , a 6 A be root vectors in q and h a € f) are coroots normalized in such a way that 
[/i Q ,e± Q ] = ±2e a , [e a ,e- a ] — h a , a 6 A+. 

Every element y € b' can be uniquely written in the form 

(8) y = h+ c « e «, /ief)',c Q eC. 

agA + 

Now recall that [e Q ,e^] £ 0Q+/3, where Q +,9 C is the root subspace corresponding to the root 
a + (3, From the definition of the normal ordering of A + it also follows that if for a S . . . , /3jv} 
we have /3/v + a G A then /3/v + a G ■ ■ ■ ,/3jv-i}- Therefore using the commutation relation 
Pn(H) t e ^^ ' ^ = "^n 6 /?™ an( i the formula Ade 1 = e ad 1 one obtains 
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We can proceed in the same way to obtain 

y 2 = Ade^-^ fiN - 1 y 1 = h+ ^ c 2 a e a , h € tf, c 2 a 6 C. 

a</3 N -i 

Now a simple induction gives the following representation for y G b', 

AdeWM 6 ' 9 ! . . . Ade l3 »-i (h) Ade^w ef>N y = h, 

or 

ci «-! 

/3jV PJV-1 c /3 1 

(9) Ade~TOW e,3 « Ade "*-i (k ' " JV - 1 . . . Ade" e fi ft = ^ 

where the coefficients c^ _l are uniquely defined by induction from the relations 

c i-l 

(fO) Ade 3 "" +i + w e f«-.+i _ . . Ade^) e/3N y = h + ^ c l Q e a . 

a</3jv-i + i 

This establishes isomorphism (p]). 

Now following (Q| we define operators Pq, : F(b') — »■ F(b'), a G A + as follows 

(11) (P a f)(y) = /(Ade^) e °2/) = (e-^ e "f)(y), 

where y is given by ([8]), 

Introducing functions e_ Q and /i Q , a G A + on b' by 

e_ Q (y) = c a , /i Q (y) = a(h) 

one can also rewrite formula (jlip as follows 

(12) (Pa/)(») = E -^f-K n (y)^l a (y)(e n J)(y), 

where e™/ stands for the Lie algebra action of the root vector e Q induced by the Lie group action 
of N on W. 

According to ([5]) the projection operator P : F(b') — > F(b') N corresponding to isomorphism © 
can be represented in the form 

(13) P = P 0N ...P h . 

By F(b') we can understand the algebra of C°°-functions on b' or, recalling that ([7]) is a birational 
equivalence, the algebra of rational functions on b. Moreover, looking at formula (fT2)l one can 
immediately deduce that P is in fact defined in a smaller algebra C[b]' = C[b] (8>c[f)] C(f)), the 
localization of the algebra of regular functions C[b] on b on the field of rational functions C(f)) on f). 

One can also rewrite formula (p~2|) in terms of the Kirillov-Kostant Poisson bracket on g* . Indeed, 
one can identify q* and q using the Killing form on q and equip the algebra of regular functions 
C[g] with the Kirillov-Kostant Poisson bracket. This bracket naturally extends to the localization 

CM' = cfe] ® C [w cfo). 

Now introduce functions h a , e a , a G A on q by e a (y) — c_ Q , h a (y) — a(h) where y = 
^ + EaeA c a e ai ^ ^ f)j c a G C Assume that the Killing form is normalized in such a way that 
{e a ,e_ Q } = h a , {h a ,e± a } = ±2e ±a , a G A + . 

Note that the algebra C[b]' can be naturally identified with the quotient C[g]'/I, where / is the 
ideal in C[g]' generated by e a , a G A + . 
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The action of N on g induced by the adjoint action of G becomes Hamiltonian with respect to 
the Kirillov-Kostant Poisson structure, and for any function (p on g we have e a (p = {e a , </?}. Using 
this observation formula (|12p can be rewritten in the form 

(14) (P a f)(y) = £ -^-h- n (y)^ a (y){e a , f} n (y) (mod J), 

n=0 

where / G C[g]' is any representative of / G C[b]' = C[g]'/I in C[g]', and 

{e a /}™ = {e Q , {e Q , . . . , {e Q , /} ■■■}}• 
v » ' 

n times 

Note that the ideal / is invariant under taking Poisson brackets with functions e Q , a G A + , and 
hence the right hand side of (fT4"|) does not depend on the choice of the representative /. 
We can summarize the above discussion in the following proposition. 

Proposition 1. Let G be a complex semisimple algebraic group with Lie algebra g, f) a Cartan 
subalgebra of g, b the Borel subalgebra of the Lie algebra g containing f), n C b the nilradical ofb, 
and N the maximal unipotent subgroup N C G corresponding to n. Let C[b]' = C[b] <S>c[fi] C(f)) be 
the localization of the algebra of regular functions C[b] on b on the field of rational functions C(()) 
on t). 

Let N x b — > b be the action of N on b induced by the adjoint action of G. Then the map 

N x b, b 

is a birational equivalence, and the corresponding projection operator P : C[b]' — > C[b]' N can be 
written in the form 

P = Pp N ...P 01) 

where f}\, . . . , /3jv is a normal ordering of the system of positive roots A + of the pair (g, b), and for 
a G A + the operators P a are given by formulas iHfy or \1J$ - 

The kernel of the projection operator P is the ideal in the algebra C[b]' generated by the elements 
e- a , a G A + . 

One can also consider partial projection operators P>k = Pp N ■ ■ ■ Pp k acting on C[b]'. Arguments 
similar to those given above show that the image of P>k consists of elements of C[b]' which are 
invariant with respect to the action of the subgroup iV>fc C N the Lie algebra of which is generated 
by the root vectors e a , a > fik with respect to the fixed normal ordering of A + , 

(15) P> k :C[b]'^C[b] ,Ar ^. 

Now we compare the operator P with extremal projection operators. Let U(g) be the universal 
enveloping algebra of g, U(g)' = U(g) <&u(t)) D (f)) the localization of U(g) on the field of fractions 
£>([)) of the universal enveloping algebra U{\)) of \). Consider the left g-module V = U(g)' /U(g)'n. 
V is a "noncommutative" analogue of the space C[b]'. Since the action of the Lie algebra n on V is 
locally nilpotent the operators 

(16) Pa (t) = r-/".»W e -" e 2' = LI><* + *-■?')> * e C, a G A+ 
are well defined on V. 

Proposition 2. ([5J, Main Theorem) The operator 

P = P0n (pi h fs N )) ■ ■ -PPi {p{hf3i )), 
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where p = \ X)aeA + a > * s ^ e projection operator onto the subspace 

V n = {v G V : xv = 0V xEn} 

with the kernel f\V. 

The operator p is called the extremal projection operator for the Lie algebra g. 

The operators p a (t) can also be rewritten in terms of iterated commutators as follows 

00 (— 'H™ 

(17) Pa (t)v = —T&^-ai^ e a ) n (v)v , 

where v is any representative of v in U(g)', and v$ is the image of 1 G U(g)' under the natural 
projection U{g)' -)• V = U{g)' /U{g)'n. 

Formulas (fl6|) and (fT7|) are natural analogues of ([T2l and (jT4]) for the module V, and the projection 
operator p is a counterpart of P for V. Note that C/(g)' can be obtained by quantizing the Kirillov- 
Kostant Poisson bracket on C[g]', and hence Proposition [2] can be regarded as a quantum version 
of Proposition [TJ Note that after quantization the functions e a , h a become the root vectors e a and 
the Cartan subalgebra generators h a - 

In [10] Zhelobenko also considered the following formal series 

(18) q' a {x) = ^F 6 ""^ e ") n ^) e -«^.n' 3a,n = \{{K + l-j),a€ A +) 5? G U {$)' . 

n=0 j=l 

Let W be the Weyl group of the pair (g, f)). Denote by s a the reflection with respect to the root 
a G A. One can consider the formal compositions 

(19) q' w (x) = q'p N (...(q' Pk (x))...), X G U( Q )', 
where . . . , Pn is a normal ordering of A+, and 

(20) w = sp h ...sp N . 

Note that according to the results of §3 in [TJ] every element w G W can be represented in form 
©, and A w = {a G A+ : w"^ < 0} = {^ fc , . . . , /3 N }. 

For w G W we shall also consider the f7(g)'-modules V w = U(g)' /U(Q)'n w , where n w is the Lie 
subalgebra of g generated by the root vectors e wa , a G A + . 

Proposition 3. ( 12J, Proposition 1, Theorem 2) For any element w G W the composition 
defined by the right hand side of formula U9\) is well defined as an operator 

q w '-V w ->V, x^ q' w {x) (mod U(g)'n), 

where x is is a representative in U(g)' of the element x G V w = U(g)' /U(g)'n w . The operator q w 
does not depend on representation i20\) of the element w G W. 
The image of q w coincides with the subspace 

V w = {v G V : e a v = 0V e a , a G A„}, 

and the kernel of q w is the subspace n w V w , where n w is the Lie subalgebra of g generated by the root 
vectors e a , a G A w . 

Operators q w are called Zhelobenko operators. 

Now similarly to the case of extremal projection operators we define classical analogues of opera- 
tors q w . First, the classical analogue of the module V w is C[b™]' = C[b w ] ®c[M C(f)), the localization 
of the algebra of regular functions C[b w ] on the Borel subalgebra b w generated by e a , a G wA + and 
by f). Note that Cfb" 1 ]' = C[g]' /I w , where I w is the ideal in C[g]' generated by the functions e wa , 
a G A+. 
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We claim that for / G C[b w }' the function Q w f G C[b]' given by 

N—k 

(21) (Qwf)(y) = /(AdeW) 6 ^ ...Ade'^T 6 ' 3 "?/), y G b', 

where the coefficients Co - *, z = k,...,N, c° w = are defined as in (fTTU) . is a well-defined n w - 
invariant function on b', where the action of n w on b' is given by the restriction of the adjoint 
action. 

Indeed, by (TTUj) for any y G b' of form ([5]) one can uniquely find coefficients c^ _l , i = k, . . . , N, 

c /3jv = C /3« sucn tnat 

N—k 

a<j3 k 

This gives a birational equivalence 

(22) A^x(b+0^b, 

where 2V„, is the subgroup in G corresponding to the Lie subalgebra n M C g, and nf C b is the Lie 
subalgebra generated by e a , < a < /3k- 

Now observe that w(A + ) — w(A w -i) U w(A + \ A w -i), and by the definition of the sets A w 
w(A+ \ A w -i) C A+. Moreover, by the results of §3 in [12] w(A w -i) = —A w . Observing that the 
length of w in W is equal to that of u> _1 we deduce that card A w — card A^-i. We also obviously 
have w~ 1 w(A + ) = A+, and hence w(A+) f] A w = {0}, and w(A + \ A w -i) = {j3%, . . . ,/?fc_i}. 
Therefore the Borel subalgebra b w is generated by f), by ep 1 , . . . ,ep k _ 1} and by e a , a £ — A w . We 
denote the Lie subalgebra generated by e a , a G — A w by n^. This description of b w implies that 

(23) t)+n?Cb w . 

Since j/^ - *" 1 " 1 6 f) + the right hand side of (j!?Tj) is well defined as an element of C[b]' for 
/ G Cfb 1 "]'. Equivalence (|22p also implies that Q w f is TV^-invariant. Finally observe that b n b w — 
b + nf and that b w = \) + nf + ri w (direct sum of vector spaces), and hence the image of the map 
Q w coincides with C[b] ,Ar ™, and the kernel of Q w is generated by the elements e a G C[b M ]', a G A w . 

Similarly to the case of extremal projection operators one can obtain for the operators Q w a 
multiplicative formula analogous to (fT9| . 

(24) Q w f = Q Pn (. . . {Q, 3k (/)) ...),/ G C[b w }' (mod J), 
and operators Q a are given by a formula similar to (|14[) . 

00 (—\) n ^ 

(25) Qaf = [ —rK n ^_ a {e a J} n , 

where fe C[g]' is any representative of / G C[b w }' = C[g]'/I w in C[g]', and 

{e a f} n = {e a , {e a , {e a , /} ...}}. 

v v ' 

n times 

We can summarize the results obtained above in the following proposition which is a classical 
analogue of Proposition [3] 

Proposition 4. Let G be a complex semisimple algebraic group with Lie algebra Q, b, a Cartan 
subalgebra of g, b the Borel subalgebra of the Lie algebra q containing b,, n C b the nilradical ofb, 
and N the maximal unipotent subgroup N C G corresponding to n. Denote by W the Weyl group of 
the pair (g, b,)- Let w G W be an element of the Weyl group W ', and A w — {a G A + : w~ 1 a < 0}, 
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where A+ is the system of positive roots of the pair (g,b). Denote by n w the Lie subalgebra of q 
generated by the root vectors e a , a G A w . 

Let C[b]' = C[b] ®c[fj] ^-C)) be the localization of the algebra of regular functions C[b] on b on the 
field of rational functions C(f)) on f), and C\b w \' = C[b u '] ®c[f>] C(f)) i/ie localization of the algebra of 
regular functions C[b u '] on i/ie Borel subalgebra b w generated by e a , a G wA+ and by [). 

T/ien i/ie adjoint action map induces a birational equivalence, 

(26) N w x(f)+nf)^b, 

where N w is the subgroup in G corresponding to the Lie subalgebra n w C g ; and nf C b is the Lie 
subalgebra of g generated by e a , a G w(A + \ A w -i) C A + . 

Formula i21)) defines a surjective linear operator Q w : Cfb™ 1 ]' — > C[b]' Nm the kernel of which is 
generated by the elements e a G C[b™]', a G A w . 

The operator Q w can be expressed by multiplicative formula {21$ . 
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